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Abstract. Probability theory is a fundamental branch of mathematics used to
describe and analyze uncertain events. This article presents practical methods for
solving elementary and intermediate probability problems in mathematics. The
discussion covers sample spaces, events, classical probability, addition and
multiplication rules, complementary probability, conditional probability,
independent events, combinatorial methods, and repeated trials. Particular attention
is given to choosing the correct method, organizing known information, and
avoiding common errors. A set of step-by-step worked examples demonstrates how
probability models can be applied to coins, dice, cards, selections, and everyday

situations.
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1. Introduction

Probability is the mathematical study of uncertainty. It provides tools for
estimating the likelihood of events and is used in statistics, economics, engineering,
medicine, computer science, artificial intelligence, finance, and everyday decision-
making. In school mathematics, probability problems often involve coins, dice,

cards, colored balls, random selections, or simple experiments.
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The main challenge in solving a probability problem is to describe the
experiment correctly. A student should identify the set of all possible outcomes,
determine the favorable outcomes, and then select an appropriate probability rule. In
more advanced problems, conditional information, event dependence, or

combinatorial counting may be required.

2. Basic Concepts of Probability

A random experiment is a process whose exact outcome cannot be predicted in
advance, even though the possible outcomes are known. The sample space, usually
denoted by S or Q, is the set of all possible outcomes. An event is any subset of the

sample space.

For example, when a standard die is rolled, the sample space is S = {1, 2, 3, 4,
5, 6}. The event of obtaining an even number is A = {2, 4, 6}. If all outcomes are

equally likely, the classical probability formula can be used.

3. Classical Probability

P(A) = Number of favorable outcomes / Total number of equally likely

outcomes

The value of a probability always lies between 0 and 1. A probability of 0

represents an impossible event, while a probability of 1 represents a certain event.

Example 1. A fair die is rolled once. What is the probability of obtaining an

even number?

Solution: There are 6 equally likely outcomes. The favorable outcomes are 2,

4, and 6, so there are 3 favorable outcomes. Therefore P(A) =3/6 = 1/2.

Example 2. A card numbered from 1 to 10 is selected at random. What is the

probability of selecting a number greater than 7?

Solution: The favorable outcomes are 8, 9, and 10. Thus P(A) = 3/10.
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4. Complementary Probability

The complement of event A, denoted by A', consists of all outcomes in the
sample space that are not in A. Complementary probability is especially useful for

problems containing phrases such as 'at least one', 'not', or none’'.
P(A")=1-P(A)

Example 3. A coin is tossed three times. What is the probability of obtaining

at least one head?

Solution: It is easier to count the complement: obtaining no heads means
obtaining three tails. The probability of three tails is (1/2)*3 = 1/8. Therefore P(at
least one head) =1 - 1/8 = 7/8.

5. Addition Rule of Probability

The addition rule is used when a problem asks for the probability that event A
or event B occurs. If two events cannot occur at the same time, they are mutually

exclusive.
For mutually exclusive events: P(A U B) = P(A) + P(B)
General rule: P(A U B) =P(A) + P(B) - P(A N B)
Example 4. A fair die is rolled. What is the probability of obtaining 1 or 6?

Solution: The events are mutually exclusive. Thus P(1 or 6) = 1/6 + 1/6 = 2/6
=1/3.

Example 5. A card is chosen from a standard 52-card deck. What is the
probability that it is a heart or a king?

Solution: There are 13 hearts and 4 kings, but the king of hearts belongs to both
groups. Therefore the number of favorable cards is 13 +4 - 1=16,s0 P =16/52 =
4/13.
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6. Multiplication Rule and Independent Events

Two events are independent if the occurrence of one does not change the
probability of the other. For independent events, the probability that both occur

equals the product of their individual probabilities.
P(A N B) =P(A) x P(B)

Example 6. A fair coin is tossed twice. What is the probability of obtaining

two heads?
Solution: The tosses are independent. Therefore P(HH) = 1/2 x 1/2 = 1/4.

Example 7. A die is rolled and a coin is tossed. What is the probability of

obtaining a 6 and a head?
Solution: The events are independent. Thus P(6 and H) = 1/6 x 1/2 = 1/12.

7. Conditional Probability

Conditional probability measures the probability of event A when it is already

known that event B has occurred. It is written P(A|B).
P(A|B) =P(A N B)/ P(B), provided P(B)>0

Example 8. A card is selected from a standard deck. Given that the card is a

face card, what is the probability that it is a king?

Solution: There are 12 face cards: 4 jacks, 4 queens, and 4 kings. Under the
given condition, the sample space has 12 outcomes, of which 4 are kings. Thus

P(king | face card) = 4/12 = 1/3.

8. Probability and Combinatorics
Many probability problems involve selecting objects without listing all
possibilities. In such cases, combinations and permutations provide an efficient way

to count outcomes. If order does not matter, combinations are usually appropriate.
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C.k=n!/ [k!(n-k)!]

Example 9. Three students are selected randomly from a group of 10
students, of whom 4 are girls. What is the probability that all selected students are

girls?

Solution: The total number of groups is Cio® = 120. The number of all-girl
groups is C+* = 4. Therefore P =4/120 = 1/30.

Example 10. Two balls are selected from a box containing 5 red and 3 blue

balls. What is the probability that both are red?

Solution: The total number of ways to select 2 balls from 8 is Cs* = 28. The
number of ways to select 2 red balls is Cs*> = 10. Therefore P = 10/28 = 5/14.

9. Repeated Independent Trials
When the same independent experiment is repeated several times and each trial
has two possible outcomes, such as success and failure, binomial reasoning may be

used. The probability of exactly k successes in n independent trials is:
P(X =K) = Gt p(1-p)

Example 11. A fair coin is tossed four times. What is the probability of

obtaining exactly two heads?

Solution: Here n =4, k =2, and p = 1/2. Therefore P = C.2(1/2)*(1/2)* = 6/16 =
3/8.

10. Geometric Probability

In some problems, probability is found by comparing lengths, areas, or
volumes. If a point is selected uniformly at random from a region, the probability of
landing in a favorable subregion is the ratio of the favorable measure to the total

measurc.
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P(A) = Measure of favorable region / Measure of total region

Example 12. A point is selected at random on a line segment of length 10 cm.

What is the probability that it falls within a 3 cm subsegment?

Solution: The probability is the ratio of lengths: P = 3/10.

11. A Step-by-Step Strategy for Solving Probability Problems

Step Question to Ask Purpose
| What is the random Identify the situation
experiment? clearly.
2 What is the sample List or count all possible
space? outcomes.
3 What event is required? | Identify favorable
outcomes.
4 Are outcomes equally Decide whether classical
likely? probability applies.
5 Are events independent | Choose multiplication or
or conditional? conditional probability
rules.
6 Does the problem say 'at | Consider complementary
least one'? probability.
7 Is counting difficult? Use combinations or
permutations if needed.
8 Can the result be Verify that 0 <P < 1.
checked?

12. Common Mistakes

A common error is using the number of favorable outcomes without confirming

that all outcomes are equally likely. Another mistake is adding probabilities when
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events overlap without subtracting the intersection. Students may also multiply
probabilities of dependent events as if they were independent. In selection problems,
failure to adjust probabilities after an object is removed can produce an incorrect

result.

It i1s also important to distinguish between probability and counting.
Combinatorics counts possible outcomes, while probability compares favorable
outcomes with all relevant outcomes or uses a probability model. The two subjects

are closely connected but are not identical.

13. Applications of Probability

Probability is used in weather forecasting, medical testing, insurance, quality
control, financial risk, communication systems, artificial intelligence, machine
learning, reliability engineering, and statistical inference. In education, probability
problems develop logical reasoning and help students understand uncertainty

quantitatively.

14. Conclusion

Solving probability problems successfully requires a clear understanding of the
sample space, events, and relationships between events. Classical probability is
suitable when outcomes are equally likely, while addition and multiplication rules
handle unions and intersections. Complementary probability simplifies 'at least one'
problems, conditional probability handles additional information, and combinatorial
methods are effective when outcomes must be counted efficiently. A systematic
step-by-step approach helps students choose the correct rule, avoid double counting,

and verify that their answers are mathematically reasonable.
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